Fluids of spherical colloids possessing an off-centered embedded magnetic dipole were investigated by using Monte Carlo simulations. Systems of colloids with different strengths and directions of the embedded dipole moment confined in a 2D space without and with an external magnetic field applied were considered. The fluids were characterized by radial distribution functions, angular distribution functions, cluster data, and energetic data. In the absence of an external field, the colloids form dimers and trimers at sufficiently large magnetic moment without the tendency of forming chains of colloids as appearing in systems with particles possessing a central magnetic dipole. In the presence of an external field, chains of colloids aligned in a zigzag fashion were formed for a field parallel to the plane of the particles, whereas the colloidal ordering was suppressed in the presence of a field perpendicular to that plane. The findings agree surprisingly well with the recent experimental observations on fluids containing spherical polymer colloids with embedded single-domain magnetic hematite cubes
Introduction
Over the past decade, the extent to which colloidal pieces of matter can be engineered to meet desired features has been unprecedented. Surface patches, anisotropic shapes, and reversible interactions can be designed to act in unison and animate microscopic building blocks.
1 At the same time, theoretical and numerical simulations facilitate the design process by predicting system energetics and revealing assembly pathways towards new exciting materials. [2] [3] [4] [5] Rationally designed colloids have been shown to self-assemble into crystalline and quasicrystalline lattices, 6-8 chiral structures, 9,10 exible clusters, 11 reversible colloidal-micelles 12 and chains. 13, 14 Recently, the structure of uids containing spherical particles with embedded off-centered magnetic dipoles with a dipole direction parallel to the vector from the center of the colloid to the dipole has been theoretically analyzed. [16] [17] [18] [19] Very recently, experiments have been reported on colloidal spheres with an embedded off-centered magnetic hematite cube. 15 The magnetic cubes 7 were enclosed in spherical colloids with the magnetic cube near the colloidal surface. Due to the off-centered dipole moment, the spheres reversibly form nite-size clusters in the zero-eld that rearrange to dipolar chains in an external magnetic eld.
Here, our aim is to simulate the self-assembly of spherical particles with off-centered dipoles and to make a comparison with the experimentally observed structures. 15 One important advantage of simulating model systems is that the direction and the strength of the (permanent) dipole moments can be systematically varied -a variation that in an experimental uid is very difficult to achieve. Moreover, the direction of the dipole moment in the experimental hematite cube is not yet fully known; thus, the simulations could be used to investigate various scenarios for the direction of the off-centered magnetic moment and assess any consequences for the structure formation in zero eld and with an applied external eld. An important difference between the work by Kantorovich et al. 16 and by us is that we consider cases where the dipole direction is not parallel to the vector from the center of the colloid to the dipole, which most likely is the case in the experimental systems inspiring us.
Model
Fluids of magnetic colloids are here represented by a coarsegrained model. We restrict ourself to the case where the N particles are conned on a plane with the area A but still retain full 3D rotational ability (quasi-2D space), giving the particle number density r A ¼ N/A. The quasi-2D space was chosen to match the experimental setup by Sacanna et al. 15 The particles are spherical with the hard-sphere radius R and possess the magnetic point dipole m. As illustrated in Fig. 1 , the dipole is located on the (local) z 0 -axis of the particle at distance sR, 0 # s < 1, from the center of the particle and forming the angle b a Physical Chemistry, Department of Chemistry, Lund University, P.O. Box 124, S-221 00 Lund, Sweden. E-mail: per.linse@em1.lu.se with respect to the z 0 -axis. We will consider systems without and with a homogeneous external magnetic eld applied. The total interaction energy U of the system can be expressed as a sum of two terms according to
where U part denotes the interaction energy among the particles and U ext the interaction between the external eld and the particles. The former is given as a sum of pair potentials according to
where u(r ij , m i , m j ) denotes the interaction between particles i and j, and the latter as a single sum
where u ext (m i ) denotes the interaction between the external eld and particle i. Here, and in the following, r ij h r i À r j with r i being the location of the center of particle i in an external coordinate frame, whereas r
i being the location of the magnetic dipole of particle i in an external coordinate frame.
Furthermore, the pair interaction energy between particles i and j can be divided into two parts
where the hard-sphere interaction energy u HS (r ij ) is given by
with r ij h |r ij | and the magnetic dipole-dipole interaction energy
with m 0 being the permeability in a vacuum and r
The interaction between the external homogeneous magnetic eld B ext and the magnetic particle i is given by
and, thus, depends on the orientation of the particle with respect to the external eld but not on the position of it.
Variables characterizing the uids of magnetic particles and their values are compiled in Table 1 . With the use of dimensionless variables, we get (i) the dimensionless magnetic dipole-dipole interaction energy according to
withm i denoting the normalized magnetic dipole of particle i and (ii) the dimensionless external interaction energy according to
The magnetic particle-particle interaction energy and hence the properties of the magnetic uid will depend on b, denoting the angle between (i) the vector connecting the position of the dipole with the center of the particle and (ii) the direction of the dipole. An analysis of the interaction between two particles in contact (see the Appendix) gives the following: (i) b becomes an irrelevant parameter as s / 0 and (ii) the interaction energy at optimal orientation becomes more negative with increasing b for s > 0 at constant m. Thus, in our case with s ¼ 0.7 the interaction energy at optimal orientation of the two particles becomes more negative as b increases from 0 to 90 .
In this work, we will consider two systems differing in their values of b: viz. System I with b ¼ 90 and System II with b ¼ 45 .
For magnetic particles with s ¼ 0.7, the dimensionless magnetic dipole-dipole interaction energy at optimal particle orientations becomes u
(again, see the Appendix).
Methods
Static properties of the model uid containing the magnetic particles were determined by means of Monte Carlo (MC) simulations in the NVT ensemble. The particles were conned on a single and quadratic area (quasi-2D space), and periodic boundary conditions in the xy-directions were applied. The dipole-dipole interaction is long-ranged, and the Ewald summation with tinfoil boundary conditions was used to improve the handling of the dipole-dipole interaction.
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The simulations utilized single-particle trial moves with a maximal translation of 0.5R and a maximal rotation of 15 as well as cluster translational trial moves with a maximal translation of 0.5R. A cluster trial move involves the simultaneous move of a particle and nearby particles. Such a trial move can strongly enhance the sampling of structured systems. 21 Particles possessing center-to-center separation smaller than the predened cluster radius r * cutoff ¼ 2.3, directly or indirectly, were considered as tentative cluster members. About one percent of the trial moves were cluster trial moves.
The magnetic particles were initially placed randomly, and thereaer they were equilibrated for 1.5 Â 10 6 MC passes (trial moves per particle). Systems with an external eld were subsequently equilibrated with the external eld applied for another 1.5 Â 10 6 MC passes. The production runs comprised at least 1.5 Â 10 6 MC passes.
Properties of the uids have been examined by considering:
(1) radial distribution functions g(r*) providing the local number density normalized by the average number density at the distance r* from a particle; (2) angular distribution functions P[cos(j dd )] denoting the probability of the cosine of the angle j dd formed by the directions of the dipole moments of two particles (Fig. 2) ; (3) angular distribution functions P[cos(j rd )] denoting the probability of the cosine of the angle j rd formed by the particle center-to-center vector and the direction of the dipole moment of either of two particles (Fig. 2) ; (4) cluster size distribution functions; and (5) ensemble-averaged particle-particle and particleexternal-eld interaction energies.
The two angular distribution functions were averaged over pairs of particles located within the cutoff separation r * cutoff ¼ 2.3, being the same cutoff as for the cluster trial moves.
Results

No external magnetic eld
We will start by considering nal congurations for the magnetic dipole moments m* ¼ 4.3 and 8.6 without an external eld for Systems I and II. Fig. 3 shows that the tendency of dimer formation is low at m* ¼ 4.3 ( Fig. 3a and b ), whereas at m* ¼ 8.6 essentially all colloids appear in clusters containing two to four colloids ( Fig. 3c and d) . The tendency of cluster formation appears to be similar in Systems I and II; however, cluster size distribution functions (data not shown) show that the cluster formation is somewhat stronger in System I.
The structure of the uids has been investigated by radial distribution functions. In Fig. 4a and b, we focus on g(r*) near the contact separation r* ¼ 2. For m* ¼ 4.3 and 5.8, we notice that the local density at the separation, at which two colloids are in hard-sphere contact (r* ¼ 2), is larger in System I than in System II. Nevertheless, at the two largest values of m* the local densities at r* ¼ 2 are similar to the two systems.
The results of the dipole-dipole angular analysis are presented in Fig. 4c and d. In general, we nd an enhanced probability for cos(j dd ) z À1, representing an anti-parallel orientation of the dipoles of neighboring colloids. At the two larger values of m*, an enhanced probability also appears for cos(j dd ) z À0.5, corresponding to j dd z 120
. In particular, we notice in System I as compared to System II (i) for m* ¼ 4.3 a much stronger correlation of the dipolar directions for neighboring colloids and (ii) for m* ¼ 7.2 a larger probability for j dd z 120 is achieved, signaling triangular clusters of trimers.
The angular distribution function between the dipole moment and the directional vector r ij shown in Fig. 4e and f gives further information on the orientation of the dipoles of neighboring colloids. First, in System I, but not in System II, P[cos(j rd )] possesses an even symmetry about cos(j rd ) ¼ 0. That is of course related to the fact that the dipole vector is perpendicular to the z 0 -axis, i.e., b ¼ 90 , in System I (see Fig. 1 ). We nd an enhanced probability for |cos(j dd )| z 0.5, i.e., j dd z 60 and 120 representing a dipole directed perpendicular to the bisector of the angle formed by three triangularly positioned particles. Again, in System I as compared to System II (i) for m* ¼ 4.3 a much stronger correlation of the dipolar direction with respect to the colloid-colloid vector and (ii) for m* ¼ 7.2 a larger fraction of the triangular arrangement, signaling triangular clusters of trimers, are found. The two angular distribution functions jointly give a clear view of angular correlations appearing in dimers and trimers formed. In System I, the colloids align such that their dipoles are anti-parallel, which is the most favorable conguration that two of these dipoles can form. In contrast, the alignment of the colloids in System II is less favorable by the requirement of a longer dipole-dipole separation for a perfect anti-parallel arrangement. As shown in the Appendix, (i) the absolute value of the attractive energy minimum increases with increasing value of b, (ii) at s ¼ 0.7 energy minima are obtained for a perfect anti-parallel orientation for all values of b, and (iii) in particular, the ratio of the attractive energy minima of System I (b ¼ 90 ) to
Ensemble averages of the dipole-dipole interaction energy and dipole-external eld interaction energy, both per particle and k B T, are provided in Table 2 . First, |hU * part i| [ 1 except for m* ¼ 4.3 in System II where |hU * part i| < 1. Here, the dipole-dipole interaction energy is too weak to induce a signicant orientational ordering as supported by Fig. 4d and f. Second, we nd that the averaged dipole interaction energy is more negative in System I as compared to System II. At m* ¼ 8.6 and 7.2, the ratio hU * part i System I /hU * part i System II becomes 1.66 and 1.73, which is essentially equal to 1.63. This nding supports the interaction analysis in the Appendix and is consistent with the strong ordering shown in Fig. 4c-f at m* ¼ 8.6 and 7.2. Third, at m* $ 5.8 for System I and at m* $ 7.2 for System II, we have hU
2 . Taken together, the two last observations are consistent with a basically equal structure among the ve systems specied by m* $ 5.8 for System I and m* $ 7.2 for System II. In summary, the colloids with a single magnetic dipole located at s ¼ 0.7 (i) remain as monomers at low values of the magnetic dipole moment; (ii) form dimers at larger values of the dipole moment; (iii) form triangular trimers at even larger values of the dipole moment; (iv) do not form elongated structures; and (v) for a constant value of the dipole moment the colloid cluster formation is strongest when the angle between the direction of the off-center dipole and of its local radial vector is perpendicular, i.e., b ¼ 90
. Issue (iv) contrasts to the observed formation of a linear chain of colloids with a central dipole (s ¼ 0) at sufficiently large magnitude of the magnetic moment.
External magnetic eld
The effect of an external magnetic eld on the quasi-2D systems differs strongly between the eld applied parallel (x-direction) and perpendicular (z-direction) to the plane of the colloids. The corresponding radial distribution functions for all values of m* are given in Fig. 6a and b ; now with the abscissa extended up to r* ¼ 8. For the smallest magnetic dipole moment only a very small tendency of dimer formation is present, in fact the probability for dimers in System I is lowered as compared to no eld applied [the value of g(r* ¼ 2) is reduced from 15 to 1.9 by applying the eld]. With increasing dipole moment the frequency of two colloids to being in close contact increases and subsequently maxima at r* z 3.6, 4.1, 5.5, 6.2, . appear. Again, the structuring starts to appear at smaller values of m* for System I as compared to System II. Furthermore and noticeably, the maxima do not appear at r* ¼ 2n, n integer; hence, we do not have chains of linearly arranged colloids. In fact, the colloids are arranged in a zigzag pattern (as latter illustrated).
The dipole-dipole angular distribution functions shown in Fig. 6c and d now display a large probability for cos(j dd ) z 1, i.e., parallel orientation of the dipoles of neighboring colloids. Except for the largest m* ¼ 8.6 for System II, the maxima at cos(j dd ) ¼ 1 is the only maximum of the angular distributions. Obviously, by applying a sufficiently strong external eld the structure appearing without a eld, as described in Section 4.1, is broken down and a new structure is formed.
The angular distribution functions between the dipole moment and the directional vector r ij in Fig. 6e and f display in most cases clear maxima at |cos(j dd )| ¼ 1, implying that the magnetic dipoles of neighboring colloids are oriented head-totail. As without a eld, System I displays (i) inversion symmetry about cos(j rd ) ¼ 0 and (ii) a greater probability of ordering as compared to System II.
As stated earlier, in System II an optimal orientation of the directions of neighboring dipoles is achieved by an increasing distance between the dipoles, making the dipole-dipole interaction weaker and the angular orientation less prominent.
As to the energetic analysis, from the data in Table 2 we extract that (i) |hU * ext i| [ 1, i.e., larger than the thermal energy and (ii) hU * ext i z Àm*B* in all cases showing that the dipoles are oriented parallel to the external magnetic eld. Furthermore, when applying the parallel magnetic eld the value of |hU part *i| is reduced, i.e., showing a less favorable dipole-dipole interaction, consistent with changes of the two types of angular distribution functions upon applying the external eld (cf. Fig. 6c-f with Fig. 4c-f) . The only exception is for m* ¼ 4.3 in System II, where we also nd |hU * part i| < 1, also for the case of no external eld, implying no signicant dipolar order. 
Perpendicular magnetic eld.
Congurations for systems with the largest magnetic moment m* ¼ 8.6 with an external eld perpendicular to the plane of the colloids are shown in Fig. 7 . In contrast to a parallel magnetic eld, no chain formation appears with a perpendicular eld. In fact, System I appears to have a similar cluster structure as with no eld (cf. Fig. 7a with Fig. 3c ), whereas the dimerization in System II is weakened (cf. Fig. 7b with Fig. 3d) .
A comparison of the radial distribution functions obtained with an external eld perpendicular to the plane given in Fig. 8a and b with those obtained with no eld applied given in Fig. 4a and b shows that the external eld reduces the local density of other colloids near a colloid. In particular, Fig. 8b shows that in System II colloids are depleted from the nearest vicinity of a colloid signaling that the colloids are repelling each other. Furthermore, we notice that the repulsion increases with increasing magnetic dipole moment.
The dipole-dipole angular distribution functions displayed in Fig. 8c and d again show a preference for a parallel arrangement of the directions of the dipole moments in neighboring colloids. Only for System I with the largest magnetic moment m* ¼ 8.6 an additional maximum at cos(j dd ) z À0.4 occurs, implying the presence of some trimers in a triangular arrangement.
Finally, angular distribution functions between the dipole moment and the directional vector r ij are given in Fig. 8e and f. In System II, this distribution now essentially becomes inversion symmetric and the direction of the dipoles is perpendicular to the colloid-colloid vector and hence parallel to the external eld, albeit with a broad distribution. Hence, we conclude that the dipoles are arranged side-by-side rather than head-to-tail as for the case of a parallel external eld. In System I, the situation is more complicated. For the smallest magnetic moment m* ¼ 4.3, the direction of the dipoles adheres to that in System II. With increasing magnetic moment the probability of the magnetic moment to be oriented in the eld is reduced and the probability of head-to-tail-like arrangements is increased. However, the external eld gives rise to a net orientation of the dipoles in the eld direction and prohibits perfect head-totail congurations, as evident from the maxima appearing at |cos(j dd )| z 0.8 in Fig. 8e instead of at |cos(j rd )| ¼ 1 for a perfect alignment. We obviously discern the competition between the dipole-eld interaction dominating at low dipole magnitude favoring a parallel dipole orientation and dipoledipole interaction dominating at high dipole magnitude favoring a triangular dipole conguration.
Also with an external perpendicular magnetic eld, we rst observe (i) |hU * ext i| [ 1 in all cases and (ii) hU * ext i z Àm*B* in all cases except one, again showing that the dipoles are oriented predominantly parallel to the external magnetic eld. The exception appears for System I with m* ¼ 8.6. Observation (ii) cannot hold at sufficiently large m* for a given B*, since the dipole-dipole interaction energy depends on (m*) 2 and the dipole-external eld interaction energy on m*. The reason that nding (ii) breaks down earlier with a perpendicular eld as compared to a parallel eld is that the external eld more strongly perturbs the structure in the former case. Second, |hU * part i| is close to zero in all cases except just for System I with m* ¼ 8.6 and also to some extent for System I with m* ¼ 7.2. For System I with m* ¼ 7.2 and 8.6, Fig. 8e shows a prominent probability of a head-to-tail orientation. Such an orientation was completely absent for System II (as shown by Fig. 8d ), in agreement with the observations hU * part i z +0.5 in these cases.
Discussion
The aim of our investigation was to nd a model system displaying similarities to those found by Sacanna et al. 15 in their study of solutions of colloidal particles with an off-centered magnetic hematite cube in quasi-2D space and possibly clarify some experimental questions. In the following, we will rst discuss our model results of colloidal particles in the quasi-2D space. Thereaer, these results will be compared with the corresponding experimental ndings.
Model results
System I with b ¼ 90 and System II with b ¼ 45 display qualitatively the same behavior, including that with an external magnetic eld present, though a higher magnetic moment was required in System II to achieve the same or a similar structure as that in System I. As alluded to in the Method section and analyzed in the Appendix, our model system of magnetic dipoles having a large (but xed) off-centered location displays the largest tendency of forming structures when the angle between the dipole and the radial vector of the dipole is b ¼ 90 and the smallest tendency for b ¼ 0 .
For small values of s, the structure formed by two neighboring particles involves a dipolar head-to-tail alignment, whereas for large values of s the side-by-side anti-parallel alignment becomes the preferred one. In Fig. 9 , we summarize graphically some key results taken from Systems I and II. In the absence of an external magnetic eld, colloidal dimers are dominating at intermediate magnetic moment, see Fig. 9a . The colloids are oriented such that the dipoles face each other, and the dipole-dipole distance becomes larger in System II. At a larger magnetic moment, clusters of three colloids are formed, oriented such that their dipoles face the joint mass center of the colloids, see Fig. 9b .
In the presence of an external homogeneous magnetic eld, the direction of the eld has a pronounced inuence on the structure. With the eld parallel to the plane of the colloids, long chains of colloids arranged in a zigzag pattern was obtained, as seen in Fig. 9c , with the colloids oriented such that the dipoles are close to the central line of the chain. Here, the external eld aligns in the directions of the dipoles (i) parallel to the plane of the colloids and (ii) in the direction of the eld, both facilitating a head-to-tail like dipole-dipole arrangement. Finally, by applying an external eld perpendicular to the plane of the colloids of a sufficient strength as compared to the colloidal dipole-dipole interaction, any existing dimers and trimers are disintegrated as illustrated in Fig. 9d . The eld affects the directions of the dipoles to become more perpendicular to the plane of the colloids, and with such an ordering, the dipoles of the colloids (forced to be in one plane) become parallel and hence are repelling each other.
In summary, System I and System II display similar structures, but the ability to form stronger dipole-dipole interactions in System I makes the structures more developed in System I as compared to System II for the same magnetic moment.
Comparison with experimental data
In the right column of Fig. 9 , we reproduce previous results of Sacanna et al. 15 for the same conditions. We indeed satisfactorily nd a qualitative agreement between the properties of our model system and the ndings by Sacanna et al. for all cases. The convincing agreement thus suggests that the colloidal spheres with an off-centered hematite cube can, at least initially, be represented by hard spheres with a single off-center magnetic dipole moment. In particular, we notice that the agreeing zigzag structure shown in Fig. 9c strongly supports the notion that the appearance of such a structure is due to the off-centered location of the magnetic material in the colloids.
It should be noted that we have employed a single value of the off-centered factor s ¼ 0.7, determined from visual inspection of images such as those given in Fig. 9 . Given that value, our study provides an insight into the magnitude of the magnetic moments necessary for the formation of the different structures observed. Furthermore, we notice that the experimental colloids are charged; however, the concentration of simple salt is high enough to screen the electrostatic repulsion making it very short-range as compared to the colloidal size and the range of the magnetic dipole-dipole interaction. In fact, Sacanna et al. 15 showed that colloidal cluster formation was suppressed at lower concentration of simple salt. We end by making some tentative conclusions on the experimental systems based on a comparison of the still limited experimental imaging data and the model results:
(i) For a given strength of the magnetic eld, we have established a lower limit of the magnetic moment of the colloids for obtaining a linear ordered structure. As this lower limit depends on the angle b, a possible route is to use experimental values of the magnetic moment and the external eld and assess the value of b by tting experimental results.
(ii) In a linearly ordered structure, the magnetic cube of one colloid is not located symmetrically with respect to the two neighbors. Specically, pairs of magnetic cubes are observed (Fig. 9c) 
Conclusion
Though its simplicity, a number of features of the coarsegrained model agree with recent experimental observations, supporting the applicability of the model. Specic properties of uids of magnetic colloids with an off-centered magnetic region such as (i) a suppressed probability of forming linear chains, (ii) an antiparallel dipole-dipole alignment of nearby dipoles, and (iii) the formation of linear zigzag chains in the presence of an external eld are reproduced. Furthermore, we observed an increase of strength of the dipole-dipole interaction with increasing angle between the dipole direction and the vector joining the center of the particle and the location of the dipole. The simulation technique offers possibilities to examine features yet difficult to access experimentally. Obvious extensions of the model system to further mimic experimental systems include (i) properties of uids of magnetic colloids containing a mixture of colloids with different internal structures such as a variation of the direction of the dipole and/or the radial location of the dipole -the mixture mimicking either a natural polydispersity or polydispersity prepared from different batches of magnetic colloids and (ii) particles with several magnetic regions.
Finally, colloids with more than one magnetic domain will broaden the scope even more for designing colloidal structure mimicking the formation of molecules by atoms. Colloids with two, three, or four magnetic domains mutually separated and near the colloid surface would resemble the sp, sp 2 and sp 3 hybridization of a carbon and the colloid with one domain would resemble a hydrogen in hydrocarbon molecules. An increased ability to fabricate magnetic particles with several magnetic domains in controlled positions will enable a multitude of possibilities to realize reversible formation of various colloidal structures.
7 Appendix: interaction energy between two hard spheres with embedded offcentered dipoles
In the appendix we consider the dipole-dipole interaction energy between two hard spheres with off-centered dipoles. The results provided here will rationalize observations described in the main part of the paper. As illustrated in Fig. 10 , we consider two hard spheres with radius R at contact. In the external Cartesian xyz-coordinate frame, both spheres are located on the z-axis with sphere i at We will now express the dipole-dipole interaction energy between the two dipoles as a function of s and the angles b, a i , and a j . To do so, the dipole moments and their locations are preferably expressed in the external coordinate frame according to 
and the vector joining the two dipoles becomes
In the following, the scaled dipole-dipole interaction energy given by
will be used. We notice that u 
and for
with
The scaled dipole-dipole interaction energy u scaled (s, b, a i , a j ) given by eqn (10)-(15) was numerically minimized with respect to a i and a j for 0 # s < 1 and 0 # b/p # 1/2 using Powell's method. 22 For b ¼ 0 our results agree with those of Kantorovich et al. 16 In the following, the angles a i and a j , denoting the orientation of the hard spheres in the external coordinate frame, will be replaced by g i h a i + b and g j h a j + b, denoting the orientation of the magnetic dipoles in the external coordinate frame.
The values of the angles g i and g j in the range [Àp, p] and their difference g i À g j as a function of s at various values of b at minimized interaction energy are given in Fig. 11 .
(1) For b ¼ 0, there is a regime extending from s ¼ 0 (central dipoles) to s ¼ s 0 with s 0 z 0.4, for which the dipoles remain head-to-tail aligned (g i ¼ g j ¼ 0). In the regime with large s, s > s 00 with s 00 z 0.6, both g i and g j are nonzero and their difference becomes (g i À g j )/p ¼ 1. Thus, the dipoles are here strictly anti-parallel aligned, and according to Fig. 11a the direction of the dipoles with respect to the external coordinate frame is weakly dependent on s. In the intermediate regime s 0 < s < s 00 , the angles g i and g j depend more strongly on s.
(2) For b > 0, the regime with perfect head-to-tail alignment has formally reduced to s ¼ 0 only, and the gradual rotation as represented by g i and g j with increasing s toward an antiparallel alignment starts already at s ¼ 0 + . The regime with an anti-parallel alignment starts at smaller s as b is increased, and at b/p ¼ 1/2 it starts at s 00 ¼ 0.4. For b/p ¼ 1/2 and s > s 0 , Fig. 11a shows that the dipoles are oriented perpendicular to the z-axis, i.e., perpendicular to the sphere-to-sphere vector.
The related dipole-dipole interaction energy minimized with respect to a i and a j as a function of s at various values of b is given in Fig. 12 . Two different expressions of the interaction energy will be considered:
(1) Fig. 12a displays u scaled min where u scaled is (i) given by eqn (15) and (ii) minimized with respect to a i and a j . Hence, the energy dependence of s through r ij is suppressed, and the energy dependence of s is only through the values of a i and a j . Thus, u scaled min vs. s expresses how the interaction energy responds from a variation of s through the dipolar orientations only. With increasing value of s, the attenuation of the attractive dipoledipole interaction energy is strongest for b ¼ 0 and weakest for b/p ¼ 1/2. The reason for the different attenuation is that a perfect anti-parallel alignment can be established at smaller dipole-dipole separation as b/p is increased from 0 to 1/2. At b/ p ¼ 1/2 the attractive dipole-dipole interaction energy is reduced by a factor 2, consistent with the ratio of the dipoledipole interaction energy for head-to-tail and anti-parallel alignment at the same dipole-dipole separation. For s 00 > 0.4, the constant value of u scaled min at b/p ¼ 1/2 is consistent with the constant value of g i À g j shown in Fig. 11b. (2) Fig. 12b shows (1 À s) À3 u scaled min , which is proportional to u dd,min with u dd given by eqn (6) . We observe that the dipoledipole interaction energy minimized with respect to the dipolar orientations is (i) negative (attractive) and (ii) becomes more attractive with increasing s, an effect that originates from the fact that two dipoles, each residing in a colloid, are able to come nearer each other when the dipoles are located closer to the surfaces of the colloids. Earlier, we concluded from Fig. 12a that the dependency on s through the dipolar orientation only attenuates the attractive dipoledipole interaction.
Thus, as the dipoles are displaced closer to the surfaces of the hard-sphere particles, the dipole-dipole interaction energy of two particles becomes more negative due to shorter dipoledipole separation, but that increase in magnitude of the interaction is weakly counteracted by a less favorable dipole-dipole orientation.
